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Fuzzy Topological B-algebras

Arsham Borumand Saeid

Abstract

In this note the notion of fuzzy topological
B-algebras is introduced. The Foster's results on
homomor phic images and inverse images in fuzzy
topological B-algebras are studied.

Keywords. (fuzzy) B-algebra, fuzzy topological
B-algebras.

1. Introduction

Y. Ima and K. Iseki [4] introduced two classes of
abstract algebras: BCK-algebras and BCl-algebras. It
is known that the class of BCK-algebras is a proper
subclass of the class of BCl-algebras. In[7] J. Neggers
and H. S. Kim introduced the notion of d-algebras,
which is generdlization of BCK-agebras and
investigated relation between d-algebras and
BCK-algebras. Also they introduced the notion of
B-algebras [6], which is a generdlization of
BCK-algebra. Y. B. Jun et. a. applied the fuzzy
notions to B-algebras and introduced the notions of
fuzzy B-algebras [3], and present author introduce the
notion Interval-valued fuzzy B-algebras [1], which is
generalization of fuzzy B-algebras.

The concept of afuzzy set, which was introduced in
[9]. Provides a natural framework for generalizing
many of the concepts of general topology to what
might be called fuzzy topological spaces. D. H. Foster
(cf. [2]) combined the structure of a fuzzy topological
space with that of a fuzzy group, introduced by A.
Rosenfeld (cf. [8]), and to formulated the elements of a
theory of fuzzy topological groups. In the present
paper, we introduced the concept of fuzzy topological
B-algebras and apply some of Fosters results on
homomorphic images and inverse images to fuzzy
topological B-algebras.
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2. Preliminary Notes

Definition 2.1. [6] A B-algebra is a non-empty
set X with a consonant O and a binary
operation* satisfying the following axioms:

(N x*x=0,

(I x*0=0,

(1) (x* y) * 2= x*(z*(0*y)),
Foralx,y,ze X.

Example2.2.[3] Let X ={0,,2,3} beaset with
the following table:

* 0 1 2 3
0 0 3 2 1
1 1 0 3 2
2 2 1 0 3
3 3 2 1 0

Then we easily can check that (X,x0) is a
B-algebra, since we have X*X=0, x*0=0
and(x*y)*z=x*(zx(0*y)),foralxyze X.
But (X,x0) is not a BCK-agebra,
since0*1=0.

Theorem 23. [6] In a B-agebra X, we
havex*y=x*(0*(0*y)), foralx,ye X,

Definition 2.4. A non-empty subset | of a
B-algebra X iscalled sub algebraof X if xxy e |
foranyx,ye X .

A mapping f : X — Y of B-algebrasis caled a
B-homomorphism if f(x*y)= f(x)* f(y) for
alx,ye X.

We now review some fuzzy logic concept (see
[9]). Let X beaset. Afuzzy set A in X is
characterized by a membership
function # ., X ->[0]1]. Let f be a mapping
from the set X to the set Yand let Bbe a
fuzzy setin Y with membership function z .
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The inverse image of B, denoted f *(B), and is
the fuzzy set in X with membership
function Hitg defined

byyf,l(B)(x):yB(f(x))foraIIx.eX.
Conversely, let A be a fuzzy set in X with
membership function u«, Then the image of A,
denoted by f(A), is the fuzzy set in Y such
that:

SUp 1a(2) §1(y) % ¢

=Jzef(y)
Hiw () 0 otherwise

Where f ™ = (y) ={Xf (X) = y} .

Definition 25. A fuzzy set A in the
B-algebraX with the membership function z,
is said to be have the sup property if for any
subset T X thereexists X, € T such that

H1a(%) = Stqu/uA (t)

Definition 2.6. A fuzzy topology onaset X isa
family 7 of fuzzy setsin X which satisfies the
following condition :

(i) For ce[0], K_er, where K has a
constant membership function,

(inIf ABer,then AnBer,

(iii) 7 closed under arbitrary union, which
means that if A erfor al jeJJ, then

UA]- eET.

jed

The pair (X,7) is caled a fuzzy topological
space and members of r are called open fuzzy
sets.

Definition 2.7. Let A be afuzzy setin X and
v a fuzzy topology on X . Then the induced
fuzzy topology on A is the family of fuzzy
subsets of A which are the intersection with A
of 7 -open fuzzy sets inX. The induced fuzzy
topology is denoted by 7,, and the pair (X,z,)
iscalled afuzzy subspaceof (X,7).
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Definition 2.8. Let (X,7r) and (Y,v) be two
fuzzy topological spaces. A mapping f of
(X,7) into (Y,v) is fuzzy continuous if for
each open fuzzy set Vin o the inverse
image f (V) isinr.

Conversely, f isfuzzy open if for each fuzzy
set Vin 7,theimagef (V) isin v.
Let (Az,) and (B,vg) be fuzzy subspace of
fuzzy topological spaces (X,7r) and (Y,v)
respectively, and let f be a mapping from(X,7)
to(Y,v). Then f isamapping of (Az,) into
(B,vp)if f(A) c B. Furthermore f isrelatively
fuzzy continuous if for each open fuzzy set V' in
vg the intersection f*(V)NA is in z,.
Conversdly, f is relatively fuzzy open if for
each open fuzzy set U', theimage f(U')isinv;.

Lemma 2.9. [2] Let(A7,), (B,vg) be fuzzy
subspace of fuzzy topological space (X,7),
(Y,v) respectively, and let f be a fuzzy
continuous mapping of (X,z) into (Y,v) such
that f(A)cB Then f is a relatively fuzzy
continuous mapping of (A,z,) into (B,vg).

3. Fuzzy topological B-algebra

From now on X
otherwise is stated.

iIs a B-algebra, unless

Definition 3.1. [3] Let u# be a fuzzy set in a
B-algebra. Then i is called a fuzzy B-algebra
(sub algebra) of X if
p(x*xy)>minf{ u(x), u(y)}, foral x,ye X.

Example 3.2. (a) Let X ={01234,5} be a set
with the following table:

* 0 1 2 3 4 5
0 0 2 1 3 4 5
1 1 0 2 4 5 3
2 2 1 0 5 3 4
3 3 4 5 0 2 1
4 4 5 3 1 0 2
5 5 3 4 2 1 0
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Then X is a B-algebra. Define a fuzzy
setp: X —>[01 bypu (0 =p3)=07>01=
u(x) for al xe X\{0,3}. Then p is a fuzzy
B-sub-algebraof X [3].

(b) Let Z be the group of integers under usual
addition and leta ¢ Z. We adjoin the specia
element o to Z. Let X =Zu{a}. Define
a+0=a, a+n=n-1, where n=0in Z
anda + a isan arbitrary element in X. Define a
mapping ¢: X —> X by ¢p(a) =1, ¢(n)=-n
wherene Z. If we define a binary operation
"' on X by x*xy=x+¢@(y), then(X,*0) isa
B-algebra.

Now define x: X —[0]] asfollows:

X
1Lx=¢,0

Then it is clear that p is a fuzzy B-algebra that
has sup property [1].

,X%=0

#(X) =

Proposition 3.3. Let f be a B-homomorphism
from X into Y and G is a fuzzy B-algebra of Y
with the membership function x;. Then the
inverseimage f (G) of Gisafuzzy B-algebra
of X.

Proof. Let x,ye X. The

) (064 ) = 1o (F ()
= 45 (T (X)* T(y))
> min{ (u6 (F(X), 16 (f(Y)}
=min{, . g (X), 1,56, (N}

Proposition 3.4. Let f be a B-homomorphism
from X onto Y and D is a fuzzy B-algebra of X
with the sup property. Then the image f (D) of
D isafuzzy B-algebraof Y.

Proof. Leta,beY, letx, e f *(a), y, e f *(b)
such that:
Ho (Yo) = Sup 4y (t) and

tef(b)

Hp (%) = SUp Hp (1)

tef (a)

Then by the definition of 4, , we have
:Uf(D)(X* y) = SUp o (1)

tef 7 (axb)
> 5 (Xo * Yo)
> min up (X)) o (Yo)}
=min {ng Hp (t) ’ SLlp Hp (t)}
tef(b) tef(a)

= min{ 5, (), 1 oy (D)}

For any B-algebra X and any element a< X we
denote by Rathe right transation of X defined by
R,(X) = x*aforalxe X . Itisclear that

R,(X)=0=R (0)Foralxe X.

Definition 3.5. Let r be afuzzy topology on X
and D be a fuzzy B-agebra of X with induced
topology 7, . Then D is called a fuzzy topological
B-algebra of X if for each ae X the mapping

R,:(D,zp) > (D,7y) is relatively fuzzy
continuous.

Example 3.6. In Example 3.2 (a), consider fuzzy
set A in X defined by:

1 x=0,
0.7 x=1,
AX) = 0.6 X =2,
08 X=23
0.3 X =4,
01 x=5

Then r:{é,Aj} is a fuzzy topology on X,

where O(x) =0and 1(x) =1 for allxe X. Now,
consider fuzzy B-sub-algebra D = |, defined in
Example 3.2 (8. Then 7, ={0,AnD,}} is
relative fuzzy topology on X and the mapping

R,:(D,7p) > (D,7y)is relatively  fuzzy
continuous.

Theorem 3.7. Let X and Y be two B-algebras,
f : X > Y beaB-homomorphism. Let  and v

be the fuzzy topologies on X and Y respectively,
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such that 7 = f *(v). Let G be a fuzzy
topological B-algebra of Y with membership
function i, . Then f*(G) isafuzzy topological
B-algebra of X with membership function 1) "

Proof. We must show that, for each ae X |, the
mapping
R, :(f(G),7,1) > (FH(G)7 1)
is relatively fuzzy continuous. Let U be
any open fuzzy set in 7., _onf(G).
Since f is a fuzzy continuous mapping
from (X,7) into(Y,v), from Lemma 2.9
follows that f is a relatively fuzzy
continuous mapping of (f *(G),r

f(G)

f’l(G))
into (G,v;) . Note that there exists an
open fuzzy set Vin Vs such
that f (V) =U . The membership function
of R;*(U)isgivenby

Moy (X¥) = 14y (R (X))

= py (x*a)

= ﬂf—l(v)(x* a)

= iy (F(x*2))

= uy (F(x)* f(a)).

Since G is a fuzzy topological B-algebra
of Y, the mappingR, : (G,75) = (G,75) IS

relatively fuzzy continuous for each
beY.Hence

By (0 = a2, (F () * ()
=ty (Ri o) T (X))
= Uy (Rf(a) f (X))
= ’uRﬁa)(V) ( f (X))
= Hiaigpt, oy R (X) -
which  implies tha R'U)= f‘l(R(la)(\/))
Therefore R'UNfQ=f*R,M)Nf'Q is an
open in the relative fuzzy topology on f *(G).
The membership function g of a fuzzy
B-algebra G of X issaid to be f-invariant [8] if f(X)
=f(y) impliesus (X) = s (y), foralx,ye X .
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Theorem 3.8. Given B-algebras X and Y and a
B-homomorphism f from X onto Y, let = be the
fuzzy topology on X and v be the fuzzy
topology on Y such that f(z)=v. Let D be a
fuzzy topological B-algebra of X. If the
membership function x, of D is a f-invariant,
then f(D) is afuzzy topological B-algebraof Y .

Proof. It is enough to show that the mapping

R, 1 (f(D),v((p) = (f(D),v(()is relatively
fuzzy continuous, for al beY. Itisclear
that f is a relatively fuzzy open mapping,
since for U e 7, there exists U' e zrsuch
that U =U'nD, by f-invariance of g
wehave f(U)=fU)n f(D)evy,-

Let V'be an open fuzzy set inv, . For

any beY by hypothesis there
existsa € X suchthatb= f(a). Thus

Hiagiory = Mg, oy (X)

= ’uRf’%a)(V') (f (X))

= thy (Ry o) (F (X))

= uy (F(X)* f(a))

=, (f(x*a))

= ﬂf*lw/) (X* a)

= /Llfflwr) (Ra(x))

= Heapan ()
which implies that f*(R'(\V))=R(f*(V)). By
hypothesis, Ra is a relatively fuzzy continuous
mapping from (D,z;) to (D,zp;) and f is a
relatively fuzzy continuous mapping from (D,z;)
to (f (D)'Vf(D)) .

Therefore  f*(R'V))NG=R'(f*V))~D is

open inz,. Since f is relatively fuzzy open, then
fF(fHRAV)ND)=R*V)nf(D) is open in

Vi) -
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